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1 Introduction 

KoUar and Peskine (cf. [BC, page 278]) asked the following question on complete 
intersections over the field C of complex numbers. In this note, the field C is taken 
as the base field. By a variety, we mean a complex quasiprojective (reduced) (but 
not necessarily irreducible) variety. 

Question 1.1. Let C, c be a family of smooth curves parameterized by the 
formal disc D := spec R, where R is the formal power series ring C[[t]] in one 
variable. Assume that the general member of the family is a complete intersection. 
Then, is the special member Q also a complete intersection? 

By using a construction due to Serre, the above problem is equivalent to the 
following (cf. [Ku]). 

Question 1.2. Let Vt be a family of rank two vector bundles on P^. Assume that 
the general member of the family is a direct sum of line bundles. Then, is the 
special member Vq also a direct sum of line bundles? 

Let us consider the following slightly weaker version of the above question. 

Question 1.3. Let Vt be a family of rank two vector bundles on P^. Assume that 
the general member of the family is a trivial vector bundle. Then, is the special 
member Vq also a trivial vector bundle ? 

In the next section, we show that the above question is equivalent to a ques- 
tion on the nonexistence of algebraic maps from P^ to the infinite Grassmannian 
X associated to the affine SL(2). Specifically, we have the following result (cf. 
Theorem [23]): 
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Theorem 1.4. Let X be any irreducible projective variety. Then, the following 
two conditions are equivalent: 

(a) Any rank-2 vector bundle T onXx D with trivial determinant, such that 
'J^\xxD' is trivial, is itself trivial. 

(b) There exists no nonconstant morphism X —> X. 

Thus, Question [T3] is equivalent to the following question (cf. Question |2.6l ): 

Question 1.5. Does there exist no nonconstant morphism X? 

Let Morf (P^ , X) denote the set of base point preserving morphisms from P^ — > 
X of degree d. It is a complex algebraic variety. As we show in Section 3, any 
morphism (p ^ Xof degree d, preserving the base points, canonically induces 
a morphism 

: C^{0} ^Morf(P^A:). 

Let Aid be the set of isomorphism classes of rank two vector bundles 'V over P^ 
with trivial determinant and with second Chern class d together with a trivializa- 
tion of "ypi . Then, Aid has a natural variety structure, which will be referred to by 
the Donaldson moduli space. Donaldson showed that there is a natural diffeomor- 
phism between Aid and the instanton moduli space Id of Yang-Mills J-instantons 
over the flat R"^ with group S U{2) modulo based gauge equivalence. As shown by 
Atiyah, there is a natural embedding 

i : Mo4{V\X) ^ Aid 

as an open subset (cf. Proposition 13.11) . Thus, the morphism gives rise to a 
morphism (stiU denoted by) $ : C^\{0} Md. Define an action of C* on C^\{0} 
by homothecy and on P^ via: 

z ■ [A,fx,v] = [z'^A,^,v]. 

This gives rise to an action of C* on Aid via the pull-back of bundles. Then, the 
embedding is C*-equivariant (cf. Theorem 13. 21) . 

We would like to make the following conjecture (cf. Conjecture 13. 31) . 

Conjecture 1.6. For any d > 0, there does not exist any C* -equivariant morphism 

f-.c'm^Md. 

Assuming the validity of the above conjecture 11.61 we get that there is no 
nonconstant morphism : P^ — > ^Y. 
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Thus, by Theorem 1 1.41 assuming the validity of the above Conjecture 1 1.61 any 
rank-2 bundle on x D with trivial determinant, such that !Fjp3xD* is trivial, is 
itself trivial (cf. Corollary 13 .41) . 

As a generalization of the above, we would like to make the following conjec- 
ture (cf. Conjecture 13 .51) . 

Conjecture 1.7. For any n > 2, let Xn be the infinite Grassmannian associated 
to the group G = SL(n), i.e., Xn '■= SL(n,K)/ SL(n,R). Then, there does not exist 
any nonconstant morphism (p : P"^' — > Xn- 

Finally, in Section 4, we recall an explicit construction of the moduli space Md 
via the monad construction and show that the C*-action on Aid takes a relatively 
simple form (cf. Lemma |431) . 
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conversations/correspondences. I also thank J. KoUar for a correspondence. This 
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2 Kollar-Peskine problem and infinite Grassmannian 

For more details on the following construction of the infinite Grassmannians, see 
[K, Chapter 13]. 

Set g = Sl.{2,K),r = SL(2,R), where K := denotes the ring of 

Laurent series in one variable and R is the subring C[[t]] of power series. The 
ring homomorphism 7? — > C, ? 0, gives rise to a group homomorphism n : 
r SL(2,C). Define S = n-^iB), where B c SL(2,C) is the Borel subgroup 
consisting of the upper triangular matrices. For any d >0, define 



Then, admits a natural structure of a projective variety and Ud>oXd = Q/P. 
Moreover, Xd is irreducible (of dimension d), and Xd ^ Xd+i is a closed embed- 
ding. In particular, X := ^fP is a projective ind-variety. 

For any integer d > 0, consider the set £.d of i?-submodules L (Z K such 

that 




t^Lo <zL(it ''Lo, and dimc(L/r''Lo) = 2d, 
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where V := and Lo:=R<S> V. Let 

-C ■= Urf>o -Cd- 

Any element of £, is called an R-lattice in K ®c V. 

The group SL(2, K) acts canonically on K®c ^- Recall the following from [K, 
Lemma 13.2.14]. 

Lemma 2.1. The map gSL(2,i?) i-> gLo (for g e 81^(2, K)) induces a bijection 

Let X be any irreducible projective variety and let !F be a rank two vector 
bundle on X x D with trivial determinant, where D := spec R. Fix a trivialization 
of the determinant of !F. Assume that TixxD' is trivial, D* being the punctured 
formal disc D* := spec K. Fix a compatible trivialization r of 7^\xxD' (compatible 
with the trivialization of the determinant of For any x & X, 

H\x xD,r)^ H\x X D*, T)^K®c V- 

Thus, 

L, := lf{x xD,r)^ K^c V. 

It can be seen that is an i?-lattice in K (g)c V. Moreover, the map x 
provides a morphism 05^(t) : X ^ X under the identification of Lemma 12.11 
(depending upon the trivialization t). If we choose a different compatible trivial- 
ization r' of the bundle Tixxd*, it is easy to see that the morphism (pri^') differs 
from 0<F(r) by the left multiplication of an element g & Q, i.e., 

(pf{T'){x) = g(pf{T){x), for all X eX. 

(To prove this, observe that any morphism XxD* ^ SL(2, C) is constant in the 
X- variable since X is an irreducible projective variety by assumption.) 

Set {(pf] as the equivalence class of the map 0j^(t) : X ^ X (for some compat- 
ible trivialization r), where two maps X ^ X are called equivalent if they differ 
by left multiplication by an element of Q. Thus, {(pr] does not depend upon the 
choice of the compatible trivialization r of T\xxD'- 

Lemma 2.2. The bundle T is trivial on X x D if and only if the map [(pp] is a 
constant map. 
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Proof. If T is trivial onXx D, then [^5^] is clearly a constant map. Conversely, 
assume that {(pr^ is a constant map. Choose a compatible trivialization r of !F|zxZ)* 
so that 

= Lo, Vx e X. 

Let := cf'ri'^)- Take a basis {euCj} of V. This gives rise to unique sections 
cri{x),cr2(x) e X Z), "F) corresponding to the elements 1 (E) ei and 1 ^2 

respectively under the map (p. Let Si, S2 e H^{X x D*,'F)he everywhere linearly 
independent sections such that (Ti(x\^^. = s^^^d*. 

It suffices to show that (Ti{x), o-2ix) are linearly independent at as well. Take 
a small open subset U c X so that the bundle fiuxo is trivial. Fix a compatible 
trivialization t' of T\uxd- Then, the sections cr, can be thought of as maps U x 

(Tj 

D — > V which are linearly independent over any point of U x D*. From this it 
is easy to see that are linearly independent over any point of U x D since the 
transition matrix over U x D* with respect to the two trivializations r and r' of 
'^\uxD' has determinant 1 . Covering X by such small open subsets U, the lemma 
is proved. □ 

As above, a bundle !F gives rise to a morphism (pjr : X ^ X (unique up to the 
left multiplication by an element of Q). Conversely, any morphism (p : X ^ X 
gives rise to a bundle T. Before we can prove this, we need the following result. 

Let 2]:=P'xV— >P^be the trivial rank- 2 vector bundle over P\ where V 
is the two dimensional complex vector space C^. For any g & Q, define a rank-2 
locally free sheaf 93^ on as the sheaf associated to the following presheaf: 

For any Zariski open subset i7 c P' , set 

^g{U) = H\U, »), if i U, and 

93,(t/) = {(T e H\U \ {0}, : {ct)o e g(R ®c V)}, if e U, 

where (cr)() denotes the germ of the rational section cr at viewed canonically as 
an element of K (S)c V. 

With this notation, we have the following result from [KNR, Proposition 2.8]. 
(In fact, we only give a particular case of loc. cit. for G = SL(2, C) and for the 
curve C = P\ which is sufficient for our purposes.): 

Proposition 2.3. There is a rank-2 algebraic vector bundle U onXxF^ satisfying 
the following: 

(1) The bundle lA is of trivial determinant, 

(2) The bundle 11 is trivial restricted to Xx (P' \ {0}), 
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(3) For any x = gP e X (for g e Q), the restriction 1/|;cxpi is isomorphic with 
the locally free sheaf as above. 

Lemma 2.4. For any morphism (p : X ^ X, there exists a rank two vector bundle 
'F^onXxD with trivial determinant (explicitly constructed in the proof) such that 
^|xxD* '■^ trivial and such that the associated morphism [^^y-^] = {(f)]. 

Proof. As in Proposition l2.3[ consider the vector bundle on x of rank two. 
Let 1/^ be the pull-back of the family "Z/ to X x via the morphism (p x Id. Let T'^ 
be the restriction of 14^ to X x D. Then, by the properties (l)-(2) of Proposition 
I2.3[ the bundle satisfies the first two properties of the lemma. Finally, by the 
property (3) of Proposition [23] and the definition of the map [(pr^,]^ it is easy to see 
that[(/)rj = [<^]. □ 

Combining Lemmas [2.21 and we get the following theorem: 

Theorem 2.5. Let X be any irreducible projective variety. Then, the following 
two conditions are equivalent: 

(a) Any rank-2 vector bundle T on X X D with trivial determinant, such that 
y^xxD* is trivial, is itself trivial. 

(b) There exists no nonconstant morphism X ^ X. 

By virtue of the above theorem, an affirmative answer of Ouestion |1.3| is equiv- 
alent to an affirmative answer of the following question. Observe that under the 
assumptions of Question II. 3 [ the family Vt, thought of as a rank-2 vector bundle 
'V on P"* X D, has trivial determinant by virtue of [H, Exercise 12.6(b), Chap. III]. 
Also, 'Vpiy.D' is trivial by the semicontinuity theorem (cf. [H, §12, Chap. III]). 

Question 2.6. Does there exist no nonconstant morphism P^ X? 

Definition 2.7. Recall (cf. [K, Proposition 13.2.19 and its proof]) that the singular 
homology H2(X, Z) ^ Z and it has a canonical generator given by the Schubert 
cycle of complex dimension 1 . For any morphism : P^ — > A', define its degree 
to be the integer d = d^ such that the induced map in homology : Hii^^, Z) — > 
H2(X, Z) induced by is given via multiplication by d. 

Since the pull-back of the ample generator of Pic X - H^(X, Z) (which is 
globally generated) is a globally generated line bundle on P^, J > and J = if 
and only if is a constant map. 

For any rank-2 bundle T on P"* x D with trivial determinant such that TixxD' 
is trivial, we define its deformation index d{T) = d[^^}. 
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Proposition 2.8. For any morphism (p : ^ X, dip is divisible by 6. 

Equivalently, for any T as in the above definition, d{T) is divisible by 6. 

Proof. Consider the induced algebra homomorphism in cohomology: 

(p* : H*(X,Z) H*(F\Z), 

induced by cp. By the definition, the induced map at is multiplication by d^p. 
Moreover, by [K, Exercise 11.3.E.4], for any i > 0, H^'{X,Z) is a free Z-module 
of rank 1 generated by the Schubert class 6, . Moreover, 

In particular, 663 = e^. From this the proposition follows. □ 

3 Kollar-Peskine problem and the instanton moduli 
space 

Take any morphism : — > A', with degree d = d^. Assume that 0([0, 0, 0, 1]) is 
the base point Xo '■= I -V e X. 
Define the map 

n : C^{0} X ^ P^ (jc, {A,^l^) ^ {Ax,n\, 

for X e C\{0} and [A,iu] e P' . There is an action of C* on C^{0} x P' by 

z • (x, [A,iu]) = (zx, [-A,/j.]), for z e C*. 

^ z ' 

Then, n factors through the C*-orbits. Consider the composite morphism 

= 0o;r: C^{0}xP' ^X. 

Observe that 0) = Xo for any x e C^\{0}, where e PMs the point [0, 1]. 

Let Mor^(P^ A') denote the set of base point preserving morphisms from P^ — > 
X of degree d (taking to x,^. Then, as in [A, § 2], Morf(P^A') acquires the 
structutre of a complex algebraic variety. 

The map canonically induces the morphism 

: C'\{0} ^ Morf(P',^). 
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Let us consider the embedding > P^, [A,fi] i-^ 0]. Fix d > and let 
Aid be the set of isomorphism classes of rank two vector bundles over with 
trivial determinant and with second Chem class d together with a trivialization 
of "Vipi. The isomorphism is required to preserve the trivialization of 'V over 
P^ Then, Aid has a natural variety structure. Moreover, any bundle 'V e Aid 
is semistable. (By [OSS, Chapter I, Lemma 3.2.2], "V is trivial on generic lines 
^ c p2. Thus, by [OSS, Chapter II, Lemma 2.2.1], is semistable.) We will 
refer to Aid as the Donaldson moduli space. Donaldson [D] showed that there 
is a natural diffeomorphism between Aid and the instanton moduli space Id of 
Yang-Mills J-instantons over the flat R."^ with group S U (2) modulo based gauge 
equivalence. 

Define an action of C* on Morf(P\ /V) via: 

(z-r)[A,iu]=y[zA,iul (1) 

for z e C 7 e Mo4{V\X) and [A,p] e P^ 
Also, define the action of C* on P^ via: 

z-[A,n,v] = [z~'A,iu,v]. (2) 

This gives rise to an action of C* on Aid via the pull-back of bundles, i.e., for 
^ e Aid, [X] e P^ the fiber of z • ^ over [X] is given by: 

(z-^)m = %m. (3) 

(Observe that P' ^ P^ is stable under C* and hence the trivialization of 'Vpi pulls 
back to a trivialization.) 

Recall the following result from [A, § 2]. 

Proposition 3.1. There is a natural embedding 

i : Mofi{¥\X) ^ Aid 

as an open subset. Moreover, i is C* -equivariant with respect to the C* actions as 
in equations & and ([3]). 

The following result summarizes the above discussion. 

Theorem 3.2. To any morphism (f) : ^ X of degree d preserving the base 
points, there is a canonically associated C* -equivariant morphism (defined above) 

: C^{0} ^ Aid, 

where C* acts on C^\{0} via the multiplication. 

Moreover, cp is constant (i.e., d = 0) iff4> is constant. 
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We would like to make the following conjecture. 

Conjecture 3.3. For any d > 0, there does not exist any €.* -equivariant morphism 
/:CMO}^M,. 

Assuming the validity of the above conjecture, we get the following. 

Corollary 3.4. Assuming the validity of Conjecture \3.3\ there does not exist any 
nonconstant morphism ^ ^ X. 

Thus, by Theorem 12.51 assuming the validity of Conjecture \3.3\ any rank-2 
bundle 'F on ¥^ x D with trivial determinant, such that T\f.3xD' trivial, is itself 
trivial. 

As a generalization of the above corollary, I would like to make the following 
conjecture. 

Conjecture 3.5. For any n > 2, let Xn be the infinite Grassmannian associated 
to the group G = SL(n), i.e., Xn '■= Sh{n,K)/ Sh{n,R). Then, there does not exist 
any nonconstant morphism (p : P""^^ Xn- 

Remark 3.6. An interesting aspect of this approach is that Question [O] involv- 
ing an arbitrary family of (not necessarily semistable) vector bundles on is 
reduced to a question about the Donaldson moduli space M.d consisting of rank 
two semistable bundles on P^. 



4 Monad construction of Md 

This section recalls an explicit construction of the moduli space M.d via the monad 
construction. We refer to [OSS, §§ 3,4, Chap. II] for more details on the monad 
construction (see also [B] and [Hu]). 

Fix an integer d > 0. Let H, K, L be complex vector spaces of dimensions 
d, 2d + 2,d respectively. By monad one means linear maps parameterized by 
Z e C^, depending linearly on Z: 

H ^ K ^ L, 

such that the composite Bz o Az = 0, for all Z e C^. The monad is said to be 
nondegenerate if for all Z E \ {0}, Bz is surjective and Az is injective. In this 
case, we get a vector bundle on P^ with fiber at the line [Z] the vector space 

6(A,B) := Ker5z/ Im Az. 
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Then, any rank-2 bundle on with the second Chem class d, which is trivial on 
some line, is isomorphic with £(A, B), for some monad (A, B). Moreover, such a 
monad (A, 5) is unique up to the action of GL{H) x GL{K) x GL(L). Let [/I,//, v] 
be the homogeneous coordinates on P^. If we only consider bundles on P^ trivial 
on the fixed line v = 0, the condition on the corresponding monad is that the 
composite B^A^ = -B/^Aji is an isomorphism, where (for Z = (A,fj., v)) 

Az := A^iA + Ajjfi + AyV, and Bz := B^A + B^n + ByV. 

In the following, t denotes the transpose, Idxd denotes the identity matrix of size 
d X d, Odxd denotes the zero matrix of size d x d and a,/3, a and b are matrices of 
indicated sizes. For such bundles, using the action of Gh{H) x Gh{K) x GL(L), 
one can choose bases for H, K, L so that the maps are given as follows. 

A A = (Idxd,0clxd,0ijx2)' ,Aij = (Oiixd, Idxd,0dx2)' , Ay = {a'^^^,, jS'^^^, Qdxlf , 
Ba = {0dxd,Idxd,0dx2),Bf^ = {-Idxd,0dxd-,0dx2),By = {-fidxd, Ol^xd, b^xl), 

and the following condition is satisfied: 

ByAy = 0, which is equivalent to the condition [a,/3] + ba' = 0. 

The restriction of the bundle &{A, B) to the line v = has a standard frame given 
by the last 2 basis vectors of ^ - C^^-^. 

For any d >0, let be the closed subvariety of matrices {a,p, a, b) such that 
a,yS are dxd matrices and a,b are d x2 matrices and they satisfy: 

(1) [a,/3]+ba' = 0. 

Let Sd be the open subset of Sd satisfying, in addition, the following condition: 

(2) For all A,iueC, (a' + AIdxd,fi' +nldxd, a)' is injective and (-(J3 + iuIdxd), a + 
Aldxd, b) is surjective. 

We recall the following result due to Barth from [D, Proposition 1]. 

Theorem 4.1. For any d > 0, the variety Md is isomorphic with the quotient of 
the variety Sd by the action ofGh(d) under: 

g ■ (a,/3,a,b) = (gag'K g/3g'\(g''^ya, gb), 

for g e GL(d), and (a,/3, a,b) e Sd- 
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Remark 4.2. The affine variety is stable under the above action of Gh(d). 
Moreover, the open subset of stable points of (under the GL((i)-action) is pre- 
cisely equal to Sd (cf. [D, Lemma on page 458 and its proof]). 

Lemma 4.3. Under the above isomorphism of the variety Aid with the quotient of 
Sd by Gh(d), the action ofC* transports to the action: 

z ■ (a,/3, a, b) = {za,/3, za, b), for z 6 C*, {a, [3, a, b) e Sd- 

Proof. The C*-action on Aid via the pull-back corresponds to the bundle: 

Ker(z"U^,i + pB^, + vBy) _ Ker(-pldxd - vj3, z'^AIdxd + VQ-, vb) 
Im(z-i/L4^ + pA^ + vAy) ~ lm{(z-^AIdxd + va',pldxd + vfi', vaY) 

_ Ker(-pldxd - vj3, z'^AIdxd + va, vb) 
lm{(AIdxd + zva', zphxd + zvp', zvaj) ' 

Changing the basis in C^''^^ = xC^ xC^ in the second factor to [zej]\<j<d, 
where [ej] is the original basis, we get that the last term in the above equation is 
equal to 

Kex{-pldxd - vj3, Mdxd + zva, vb) 
\m{{AIdxd + zva',pldxd + vp^zva)')' 
This proves the lemma. □ 



References 

[A] M.F. Atiyah. Instantons in two and four dimensions, Comm. Math. Phys. 93 
(1984), 437-451. 

[AJ] M.F. Atiyah and J.D.S. Jones. Topological aspects of Yang-Mills theory. 
Comm. Math. Phys. 61 (1978), 97-118. 

[BC] E. Ballico and C. Ciliberto. Algebraic curves and projective geometry. Lec- 
ture Notes in Mathematics vol. 1389, Springer- Verlag (1989). 

[B] W. Barth. Moduli of vector bundles on the projective plane. Invent. Math. 42 
(1977), 63-91. 

[BH] W. Barth and K. Hulek. Monads and Moduli of vector bundles, Manuscripta 
Math. 25 (1978), 323-347. 



11 



[D] S.K. Donaldson. Instantons and geometric invariant theory, Comm. Math. 
Phys. 93 (1984), 453-460. 

[GG] W.L. Gan and V. Ginzburg. Almost-commuting variety, £)-modules, and 
Cherednik algebras. Inter. Math. Res. Notices vol. 2006 (2006), 1-54. 

[H] R. Hartshome. Algebraic Geometry, Springer- Verlag (1977). 

[Hu] K. Hulek. On the classification of stable rank-r vector bundles on the pro- 
jective plane. In: Proc. Nice Conference on Vector Bundles and Differential 
Equations, A. Hirschowitz (editor), Birkhauser, Boston (1983), pp. 113-142. 

[Ku] N.M. Kumar. Smooth degeneration of complete intersection curves in posi- 
tive characteristic. Invent. Math. 104 (1991), 313-319. 

[K] S. Kumar. Kac-Moody Groups, Their Flag Varieties and Representation The- 
ory, Progress in Mathematics vol. 204, Birkhauser, Boston (2002). 

[KNR] S. Kumar, M.S. Narasimhan and A. Ramanathan. Infinite Grassmannians 
and moduli spaces of G-bundles, Math. Annalen 300 (1994), 41-75. 

[OSS] C. Okonek, M. Schneider and H. Spindler. Vector Bundles on Complex 
Projective Spaces, Progress in Mathematics vol. 3, Birkhauser, Boston (1980). 

[PI] J. Le Potier. Fibres stables de rang 2 sur P2(C), Math. Annalen 241 (1979), 
217-256. 

[P2] J. Le Potier. Sur le groupe de Picard de I'espace de modules des fibres stables 
mrP2,Ann. Scient. Ec. Norm. Sup. 13 (1981), 141-155. 

[PT] J. Le Potier and A. Tikhomirov. Sur le morphisme de Barth, Ann. Scient. Ec. 
Norm. Sup. 34 (2001), 573-629. 

[S] S. A. Stromme. Ample divisors on fine moduli spaces on the projective plane. 
Math. Z. 187 (1984), 405-423. 

Address: Department of Mathematics, University of North Carolina, Chapel 
Hill, NC 27599-3250, USA (email: shrawan@email.unc.edu) 



12 



